Using the formulation of the immersion of a two-dimensional surface into the three-dimensional Euclidean space proposed recently, a mapping from each symmetry of integrable equations to surfaces in R 3 can be established. We show that among these surfaces the sphere plays a unique role. Indeed, under the rigid SU͑2͒ rotations all integrable equations are mapped to a sphere. Furthermore we prove that all compact surfaces generated by the infinitely many generalized symmetries of the sine-Gordon equation are homeomorphic to a sphere. We also find some new Weingarten surfaces arising from the deformations of the modified Kurteweg-de Vries and of the nonlinear Schrödinger equations. Surfaces can also be associated with the motion of curves. We study curve motions on a sphere and we identify a new integrable equation characterizing such a motion for a particular choice of the curve velocity.
where ␣͑͒ is an arbitrary function of the complex constant , M (u,v,) is an arbitrary su͑2͒ valued function of (u,v),(u,v) is a symmetry of the nonlinear equation satisfied by (u,v) , and ⌽Ј denotes the Frechét derivative of ⌽ with respect to . Then F(u,v,) is the immersion function of a surface (x 1 ,x 2 ,x 3 ), in R 3 ,
where i , iϭ1,2,3, are the Pauli sigma matrices. The investigation of some of the consequences of Eq. ͑1͒ is the main subject of this paper. In Sec. II we give a short review of some of the results of Refs. 1 and 2 and also show that if ␣ϭϭ0 and M is a constant su͑2͒ matrix, then the surface with immersion function F is a sphere.
In Sec. III we investigate the case that satisfies the sine-Gordon equation
In particular we show the following. ͑a͒ If ␣ϭM ϭ0 and F describes an oriented, compact connected surface, then this surface is homeomorphic to a sphere. This result gives another example to the studies of the global properties of the associated surfaces. [16] [17] [18] [19] [33] [34] [35] [36] [37] ͑b͒ If ϭ0 and M ϭ(ip/2) 1 , where p is a constant, then F describes a surface of constant negative curvature.
In Sec. IV we investigate the case where satisfies either the elliptic sinh-Gordon or where K and H denote the Gaussian and mean curvatures, respectively, and , , are constants. Surfaces can also be constructed from the motion of curves, see Appendices A and B. In Sec. VII we study curve motions on a sphere. By choosing a particular velocity vector, we obtain the new integrable equation
͑ u cos ͒ 3 ϩcos ͓cos ͑ u cos ͒ u ͔ u ϭ0. ͑7͒
Equation ͑7͒ reduces to the modified KdV equation in the limit that the curvature of the curve approaches a constant. In Sec. VIII we give explicit formulas which associate a curve evolution to a given surface.
II. SURFACES OF INTEGRABLE EQUATIONS
In this section we follow the notations of Refs. 1 and 2. 
where k are the usual Pauli matrices
ͪ .
͑13͒
The first and second fundamental forms of S are A frame on this surface S, is
The Gauss and mean curvatures of S are given by
.
͑19͒
The following theorem gives an explicit construction of functions A, B and of the immersion function F from the symmetries of Eqs. ͑8͒ and ͑10͒: Theorem 2.2: ͑Ref. 2͒ Suppose that U(u,v) and V(u,v) can be parametrized in terms of and of the scalar function (u,v) in such a way that Eq. ͑8͒ is equivalent to a single PDE for (u,v) independent of . This equation, which by definition is called integrable PDE, possesses the Lax pair defined by Eq. ͑10͒. Define the su͑2͒ valued functions A (u,v,) and B (u,v,) by
where ␣() is an arbitrary scalar function of , M (u,v;) is an su͑2͒ valued arbitrary function of u, v, , the scalar is a symmetry of the partial differential equation ͑PDE͒ satisfied by the function (u,v), and the prime denotes Fréchet differentiation. Then there exists a surface with immersion F(u,v;) defined in terms of A, B and ⌽ by Eqs. ͑20͒ and ͑21͒. Furthermore, F to within an additive constant, is given by
where M 0 is an su͑2͒ valued constant matrix and ␣(), f 1 (), f 2 () are scalar functions of the arguments indicated. Then Eqs. ͑20͒-͑21͒ and ͑22͒ become
͑26͒
We now study the surfaces generated by constant matrix M 0 which corresponds to constant SU͑2͒ rotations of ⌽. 
͑28͒
Using these equations it follows that
Hence dg Ϫ1 ϭ(Ϫ⑀/͉M 0 ͉)I, where I is the identity matrix. Hence
QED
This theorem implies that the rigid SU͑2͒ rotations define a map from all integrable equations to the surface of the sphere with a parametrization F such that the coefficients of the first fundamental form takes the form
where
III. DEFORMATION OF SINE-GORDON SURFACES
Consider the motion of the curve with curvature ϭ u and constant torsion ϭ. It is shown in example B.1 that if the velocity of this curve is given by ͑0,Ϫ͑1/͒sin ,͑1/͒cos ͒, the motion of this curve is characterized by the sine-Gordon equation
where (u,v) is a real scalar function and time is denoted by v. Define U (u,v,) , and V (u,v,) by
Let be a symmetry of Eq. ͑33͒, i.e., let be a solution of
Solutions of ͑35͒ contain the geometrical and generalized symmetries of the sine-Gordon equation. 38, 39 Then for each , theorem 2.2 ͑with ␣ϭ0, M ϭ0͒ implies the surface constructed from
where the immersion function is given by Fϭ⌽ Ϫ1 ⌽Ј(). Equation ͑33͒ is an integrable equation and hence it admits infinitely many symmetries usually referred to as generalized symmetries. Indeed, there exist infinitely many explicit solutions of Eq. ͑35͒ in terms of and its derivatives. The first few are
We now study the surfaces corresponding to these generalized symmetries. Lemma 3.1: Let S be the surface generated by a generalized symmetry of the sine-Gordon equation. That is, let S be the surface generated by U, V, A, B defined by Eqs. ͑34͒-͑36͒. The first and second fundamental forms, the Gaussian, and the mean curvatures of this surface are given by
An immediate corollary of the above lemma is: Corollary 3.2: Let S be the particular surface defined in Lemma 3.1 corresponding to ϭ v . This surface is the sphere with
Let S be a surface generated by the symmetries of the sine-Gordon equation and defined by the mapping F:⍀→R 3 . Here ⍀ʚR 2 is defined by the regular solutions of the sine-Gordon equation ͑33͒. We now present a global result regarding such surfaces. Theorem 3.3: Let S be a regular surface defined in lemma ͑3.1͒ in terms of a generalized symmetry of the sine-Gordon equation. If S is an oriented, compact, and a connected surface then it is homeomorphic to a sphere.
Proof: All compact connected surfaces with the same Euler-Poincare character are homeomorphic. 40 For compact surfaces the Euler-Poincare character is given by
͑42͒
Since gϭdet g ij ϭ 2 u 2 / 2 , i, jϭ1,2, then the integrand ͱgK in ͑42͒ simply becomes ͱgKϭ v sin .
͑43͒
Hence is independent of the deformations , i.e.,
͑44͒
This proves that has the same value for all generalized symmetries and hence for all sine-Gordon deformed surfaces. 
Proof: This is a consequence of ͱdet ͑ g ͒KϭϪsin ϭϪ uv .
QED
We now consider yet a different class of surfaces associated with solutions of the sine-Gordon equation.
Lemma 3.8: Let S be the surface constructed from U and V defined by Eq. ͑34͒ and from
where and p are scalars depending on . The immersion function F is given by
͑48͒
This surface is parallel to a surface of negative constant curvature. The distance between these surface is p/4. Proof: A straightforward but lengthy calculation implies that for this surface
Let K 0 and H 0 be the Gaussian and mean curvatures of a surface S 0 with constant curvature K 0 and let S be parallel to S 0 , then
where a is a constant. Hence comparing the first equation in Eq. ͑50͒ and ͑49͒ we find that
Hence S is parallel to a surface S 0 with negative constant curvature. 
The curvature density ͱdet(g)K has a form similar to the one in Corollary 3.7. Thus ͱdet(g)K ϭϪsin ϭϪ uv .
The following corollary of the Lemma ͑3.9͒ is for solitonic solutions of the sine-Gordon equation:
Corollary 3.10: Let be a rapidly decaying solution of the sine-Gordon equation and S be the surface defined in Lemma ͑3.9͒. Then 
IV. SURFACES ASSOCIATED WITH THE SINH-GORDON EQUATION
where and p are real constants. The immersion function F is given by
͑58͒
The associated surface S has the following fundamental forms and curvatures: 
It is easy to show that K and H satisfy the following Weingarten relation:
There exists some interesting particular limiting cases. where A and B are given in ͑57͒ with p Ϯ2. The immersion function F is given in ͑58͒ with H 0 ϭ0. Then the associated surface S has the following fundamental forms and curvatures:
Thus for any , p with p 2, S is a sphere.
V. DEFORMATIONS OF THE NONLINEAR SCHRÖ DINGER SURFACES
The nonlinear Schrödinger ͑NLS͒ equation is an equation for a complex function (u,v). 
VI. DEFORMATIONS OF THE MODIFIED KORTEWEG-DE VRIES SURFACES
Let (u,v) satisfy the so-called modified Korteweg-de Vries ͑mKdV͒ equation
The associated U and V matrices defining its Lax pair are given by
Lemma 6.1: Let U and V be defined by Eqs. ͑96͒ and ͑97͒ where the scalar function (u,v) satisfies the mKdV equation ͑95͒ and v 1 ,v 2 are defined by Eq. ͑98͒. Let A and B be defined by
Aϭ(‫ץ‬U/‫,)ץ‬ Bϭ(‫ץ‬V/‫,)ץ‬ where is a real constant, i.e., let
Aϭ i
The geometrical quantities of the surface S associated with these U,V,A,B are given by
In the special case ␣ϭ 2 , this relation becomes
VII. INTEGRABLE SPHERICAL CURVES
Consider the motion of a curve on a sphere of radius 1/. Assume that u 0. Then, using the results of Proposition A.1 it follows that its motion is characterized by
The velocities V 1 and V 3 are given in terms of V 2 and by
where c 0 is an arbitrary constant. Proof: Spherical curves can be parametrized by ͑118͒, since for spherical curves,
The last equation in ͑144͒ can be written as V 3 ϭϪ(V 2u ϩV 1 )/, which is the second equation ͑119͒. The first two equations in ͑144͒ imply ͑117͒ and the first equation of ͑119͒. QED An integrable motion of a spherical curve. The motion of the curve on a sphere of radius ͑1/͒ is characterized by Eqs. ͑117͒-͑119͒, where V 2 is an arbitrary function. Hence each choice of this function yields a spherical surface. Let the velocity component V 2 of this curve be given by
and let c 0 ϭ 3 , then evolves according to the integrable equation
It seems that Eq. ͑122͒ has not appeared before in the soliton literature. We note that in the small limit this equation reduces to the potential modified KdV equation. We note that the motion of curves on a sphere was studied recently in Ref. 8 by demanding that the geodesic curvature of these curves is constant and equal to 1/. It can be shown that this requirement is equivalent to ϭ1/, ͑i.e., u ϭ0͒. Thus the integrable evolutions obtained in Ref.
8 coincide with the modified KdV hierarchy.
VIII. CURVES FROM SURFACES
Appendices A and B show that it is possible to construct surfaces from the motion of curves. It is also possible to associate a curve evolution with a given surface. For this purpose it is more suitable to introduce the Darboux frame on curves. Let S be an oriented regular surface and ␣:I→S be a curve C parametrized by its arc length. At the point pϭ␣(s) consider the following three unit vectors, called the Darboux trihedron: T(s) is the tangent vector to C at p, n(s) is the normal vector to S at p, and b(s)ϭn(s) ϫT(s). These vectors satisfy the Darboux equations
, sI. The geometrical meaning of these coefficients is the following: The scalar g ϭϪdN/ds•b is called the geodesic torsion of the curve C. This curve is a line of curvature of S if and only if g ϭ0. n and g are the normal and geodesic curvatures of C, respectively, at a point pS.
Let be the curvature of ␣(s) at p which is defined by dT/dsϭN, and N be the principle normal to the curve at p. Using the first equation ͑123͒ in the Darboux equations ͑123͒-͑125͒ we find 2 ϭ g 2 ϩ n 2 . ͑126͒
Since the tangent vector T to the curve C is common in both frames it is possible to pass from the This enables us to connect the torsion and curvature of the curve C to its geodesic torsion g , geodesic and normal curvatures g , n . This transformation induces a local SU͑2͒ gauge transformation on the Lax equations ͑145͒: Letting ⌽ЈϭS⌽, we find
The matrix S is given as 
͑130͒
In what follows we given an example of how a curve motion can be identified from a given surface. Proposition 8.1: Consider the surface described in Theorem 2.2 of Ref.
1. This surface is associated with the motion of a curve with curvature and torsion given by
where tϭv and aϭds/du. Here s denotes the arc length. Comparing these equations with ͑A4͒, we find
Eliminating , Eqs. ͑131͒ and ͑132͒ follow. It is now possible to identify the geodesic curvature g , the normal curvature n , and the geodesic torsion g of the curve C in terms of the parameters of S:
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APPENDIX A: THE MOTION OF CURVES
Let u denote the arclength of a curve in R 3 . This curve can be uniquely characterized, within a rigid motion in R 3 , by its curvature and its torsion. This characterization is expressed by the classical Frenet-Serret equations which define the dependence of the associated frame on u. [3] [4] [5] [6] [7] [8] [9] Proposition A.1: Let the scalar real functions (u,t) and (u,t), which are differentiable functions of u and t for every ͑u,t͒ in some neighborhood of R 2 , denote the curvature and torsion of a curve with arclength denoted by u. Let the real scalar functions V j , which are differentiable functions of u and t for every ͑u,t͒ in some neighborhood of R 2 , denote the velocity of this curve. The motion of this curve is defined by
These equations are the compatibility conditions of the following equations for the SU͑2͒ valued function ⌽(u,t),
͑A2͒
Proof: Let x j , jϭ1,2,3, be a point on a curve in R 3 whose arclength is denoted by u. This leads to
The Serret-Frenet frame is a triad of orthonormal vectors, T, N, B, where T is the tangent vector, N is the principal normal unit vector, perpendicular to T which lies in the oscillating plane of the curve, and B is the binormal unit vector, perpendicular to both T and N. The components of these vectors satisfy the condition
and the classical Frenet-Serret equations
͑A4͒
Suppose that the above curve is allowed to evolve in time and that it does not stretch during the motion. Since the frame is orthogonal, its time evolution is given by
͑A5͒
Using the su͑2͒ representation of so͑3͒, these equations yield ͑A2͒. Proposition A.2: Let the complex valued functions (u,t,) and V(u,t,), be differentiable functions of u and t for every ͑u,t͒ in some neighborhood of R 2 . Assume that and V satisfy t ϭV u ϩiϪiV, ͑A6͒
where is defined by 
͑A8͒
Equations ͑A6͒ and ͑A7͒ describe the motion of a curve with ϭ͉͉,ϭ(arg ) u ϩ. where ‫ץ‬ u Ϫ1 denotes integration with respect to u. Eliminating from these equations we find that the equation obtained from the equations in ͑A2͒ after eliminating V 3 .
Example A.1: ͑Constant torsion͒ The motion of a curve of constant torsion ϭ is characterized by
where the velocities V 1 and V 3 can be expressed in terms of V 2 and by
Proof: If ϭ Eq. ͑A2͒ becomes
These equations yield Eq. ͑A11͒.
APPENDIX B: INTEGRABLE CURVE MOTIONS
It is well known that there exist many curve evolutions which are integrable. We call a curve evolution integrable if the motion is defined in terms of an integrable PDE. Integrable evolutions of curves have been studied extensively in the recent literature [3] [4] [5] [6] [7] [8] . It turns out that for particular velocities, the motion of curves is defined by certain integrable equations, which include the sine-Gordon, the modified Korteweg-de Vries, the nonlinear Schrödinger, and the Hirota equations. An obvious approach for obtaining integrable curve evolutions is to choose the functions V j in such a way that the nonlinear equations ͑A1͒ ͓or ͑A6͒ and ͑A7͔͒ are independent of . Example B.1: ͑Integrable evolutions of curves with constant torsion ͒ The motion of curve with constant ϭ is characterized by Eqs. ͑A11͒ and ͑121͒. Let its velocity be specified as follows: 
